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This paper develops an entropy-transition number for characterizing irreversibilities of external flow past

micropatterned surfaces with controlled surface roughness. It is shown that embedded surface microchannels can

reduce flow irreversibilities below a classical boundary-layer limit, due to drag reduction of slip-flow conditions

within themicrochannels. A surface-irreversibility ratio establishes the proportion of entropy production of slip-flow

relative to no-slip conditions. Then an entropy-transition number is defined to characterize flow regimes inwhich the

ratio decreases below unity, thereby indicating conditions in which surfacemicropatterning has an overall beneficial

impact on energy conversion efficiency. Results are presented for various micropatterned surfaces. It is shown that

slip-flow conditions within the embedded surface microchannels can overcome the additional friction irreversibility

of more surface area, reducing the total entropy production up to 20% below the boundary-layer flow without

microchannels. At lower Reynolds numbers, it is shown that the irreversibility ratio decreases (for example, down to

0.79) at a Reynolds number of 1200. The newly defined surface-irreversibility and entropy-transition numbers are

shown to provide useful new parameters to characterize the boundary-layer irreversibilities of convective heat

transfer.

Nomenclature

d = depth of the microchannel, m
Kn = Knudsen number (mean free path divided by a

characteristic length scale)
K1 = slip coefficient
k = thermal conductivity, W/mK
L = length of the plate, m
n = number of microchannels
q0 = heat flow per unit length, W/m
Re = Reynolds number
T = temperature, K
u = freestream velocity, m/s
W = width of the plate, m
Ws = width of the microchannel, m
� = surface parameter, d=W
� = surface parameter, �Ws � 2d�=W
� = dynamic viscosity, kg/ms
� = irreversibility distribution ratio

Subscripts

w = wall
1 = ambient (freestream) value

I. Introduction

M ICROSYSTEMS have experienced rapid growth of practical
applications in various aerospace and other fields such as

micropropulsion, microelectronics cooling, microfluid machinery,
and so forth.Movingmicrotabs andmicroelectromechanical systems
(MEMS) along aerodynamic surfaces have the promising potential to
reduce drag and improve aircraft maneuverability. In this paper,
external flow past micropatterned surfaces is examined analytically

and numerically to optimize the geometrical configurations of
embedded surface microchannels, by minimizing the entropy
production of combined thermal and friction irreversibilities therein.

Microfluidic systems usually entail laminar flow, due to relatively
lowReynolds numbers associatedwithmicron and submicron length
scales. Transition between the continuum (no-slip), slip-flow, and
free-molecule regimes depends on the local Knudsen number. The
Knudsen number represents a ratio of the mean free path to a
characteristic length scale of the problem [1]. McNenly et al. [2]
investigated slip-flow models for nonequilibrium processes near a
solid boundary. This paper examines laminar external flowwith wall
slip conditions over micropatterned surfaces that contain embedded
openmicrochannels. The externalflowconfiguration involvesmixed
Knudsen numbers, due to slip-flow conditions within the
microchannels and no-slip conditions adjacent to the microchannels.
In past studies, Xu and Ju [3] developed a slip-flowmodel to examine
rarefied gas effects near the boundary of a microfluidic chamber. It
was shown that slip-flow effects can significantly alter the predicted
species transport between the wall and gas. A temperature jump
condition at the wall affected the gas-phase reaction rates, because
energy exchange between the gas and wall was reduced in slip-flow
conditions.

The magnitude of fluid slip at a wall is characterized by the
tangential momentum accommodation coefficient (TMAC). Arkilic
et al. [4] reported experimental data with various TMAC values for
gas flows in contact with a siliconwall. Isothermal slip flows through
microchannels were examined and TMAC values were presented at
various Knudsen numbers. For nitrogen, argon, and carbon dioxide,
TMAC values range between 0.75 and 0.85. Other TMAC values in
finite difference modeling of microchannel flows with a first-order
slip-flow condition were presented by Chen et al. [5], including
experimental results reported previously by Pong et al. [6] and
Arkilic et al. [4].

Pressure-driven flow and electro-osmosis (electrically driven
flow) are two common ways of pumping fluids through micro-
channels. Challenges of the former approach include designing and
fabricating pumps with traditional microfabrication materials of
silicon and glass, aswell as plugging induced by particles in thefluid.
On the other hand, electrical fields have other disadvantages, such as
impurities absorbed on the wall, electrical heat generation in the
fluid, and high voltages required for operation. The electric field
produces a force on the fluid near the wall, while inducing adsorption
and desorption of ions. Recent advances have shown that
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thermocapillary pumping is another viable method of flow control in
microchannels [7,8].

In addition to fluid pumping, the process of fluid mixing affects
microsystem performance. Liu et al. [9] developed a method of
passively enhancing fluid mixing by a serpentine microchannel with
a C-shaped repeating unit. In experiments with phenolphthalein and
sodium hydroxide solutions at Reynolds numbers between 6 and 70,
results indicated that faster mixing rates and more uniform mixing
are achieved with certain 3-D channel geometries. Also, higher
mixing rates were measured at larger Reynolds numbers. It was
observed that the curved microchannel produces 16 times more
reacted phenolphthalein than a straight channel. Another passive
method for mixing streams of pressure-driven flows in micro-
channels was outlined by Stroock et al. [10]. In this method, bas-
relief structures were fabricated by planar lithography on the floor of
the microchannel. The microchannel length varied logarithmically
with the Peclet number.

When improving the thermal performance of fluids engineering
systems, it iswell known that entropy and the second law can provide
valuable tools for design optimization. Higher energy efficiency can
be achieved systematically through entropy-generation minimiza-
tion [11] in applications to heat exchangers, aircraft subsystems,
compressors, condensers [12], and so forth. System-level entropy
analysis entails global parameters such as the mass flow rate and net
heat supply, whereas computational fluid dynamics enables local
design modifications through finite element/volume analysis [13–
15]. This paper extends past second-law advances to examine
microfluidic entropy production, so that surface-embedded micro-
channels in flow control applications [16] can be systematically
optimized with respect to overall energy efficiency.

Various techniques have been developed in the past for heat
transfer enhancement while simultaneously reducing surface friction
and entropy production. Some examples include annular fins [17],
corrugated surfaces [18], and other passive techniques in heat
exchangers [19]. Also, numerical methods such as gradient-based
techniques or adaptive response surface method optimization [20]
have been used for complex geometrical configurations. Recent
advances in microfluidics [1] and Blasius similarity solution
modeling [21] suggest that no-slip configurations within micro-
devices offer a promising alternative for drag reduction and heat
transfer enhancement. This paper develops a method of entropy-
based surface microprofiling to take advantage of local slip-flow
conditions within embedded surface microchannels for drag
reduction. Surface-irreversibility and entropy-transition numbers
will be defined for the optimization of the microchannel
configurations.

II. Formulation of Boundary-Layer Flow
and Heat Transfer

Consider the problem of externalflowand convective heat transfer
from a heated flat surface with embedded surfacemicrochannels (see
Fig. 1). When viewed from above, the alternating no-slip and slip-
flow velocity profiles grow in the x direction. At a given x location,
the changes of velocity magnitude in the y direction would occur by
cross-stream diffusion. Compared against diffusion normal to the
plate and forced convection in the streamwise direction, the cross-
stream diffusion will be assumed negligible. If the top of the channel
was closed, then a quadratic velocity profile would be obtained from
aPoiseuille no-slip-flowsolution [19].However, the current problem
involves an open top boundary, across which diffusion from the base
of the boundary layer interacts with the microchannel flow below it.

The continuum assumption is valid within themicrochannel when
Kn � 0:001 (where the Knudsen numberKn refers to the ratio of the
mean free path to a characteristic length scale of the microchannel).
Free-molecular flow arises ifKn � 10. For cases between these two
limits, the slip-flow regime exists in the range of 0:001 � Kn � 10
and the transition region occurs for 0:001 � Kn � 1. Like other
transition instabilities such as the onset of turbulence, the transition
to free-molecular motion is sensitive to any geometrical or flow
perturbations. For flow conditions with Knudsen numbers between

0.01 and 0.1 in the microchannel, the fluid motion is governed by the
continuum Navier–Stokes equations, subject to slip-flow boundary
conditions at thewall. The slip coefficientK1 can be expressed by the
following normalized expression [1]:

K1 �
�
2 � �
�

�
Kn � Re1=2x (1)

whereRex is the Reynolds number and � is the tangential momentum
accommodation coefficient [1].

As theKnudsen number increaseswith smallermicrochannels, the
probability of a fluid molecule striking another molecule (rather than
the wall) falls, because the walls are closer together. Amolecule may
reflect repeatedly from awall before colliding with another molecule
traveling in the principal flow direction. Thus, the presence of the
wall becomes more pronounced on the intermolecular interactions.
During these interactions in slip-flow conditions, some molecules
striking a wall will be reflected diffusely and others will be reflected
specularly. The tangential momentum accommodation coefficient
represents the fraction ofmolecules reflected diffusely from the wall.
This coefficient depends on the fluid and solid surface parameters
and other factors. It has been demonstrated experimentally to have
values between 0.2 and 0.8 (Gad-el-Hak [1]). The remaining portion
of molecules (1 � �) is reflected specularly from the wall.

The velocity profile and its spatial gradient both change within an
embedded microchannel in the streamwise direction. The effective
slip coefficient will be determined from averaging in the z–y and x–y
planes. The approximated slip coefficient in the slip-flow model
yields the same total surface friction as that obtained through
integration of the exact wall shear stress along the microchannel
walls. Referring to Fig. 1, the flow consists of mixed Knudsen
numbers within and above each open microchannel, and so the
formulation consists of no-slip and slip-flow models. Within a
microchannel, the characteristic length of the Knudsen number
should contain both depth and width or a hydraulic-diameter-based
length. Otherwise, internal flow within an open microchannel may
entail no-slip conditions. For example, a wide microchannel with a
submicron or nanoscale depth may produce a Knudsen number
corresponding to the slip-flow regime if the channel depth is used, but
no-slip conditions would be expected across most (or all) of the
embedded microchannel.

Solutions to boundary-layer flow and convective heat transfer to/
from a flat plate (Fig. 1) are well known and predicted by the Blasius
similarity solution. In this solution, the stream function f��� satisfies
the following reduced form of the streamwise momentum equation:

f000��� � 1
2
f���f00��� � 0 (2)

where

u

u1
� f0��� (3)

and

�� v
�������
u1
�x

r
(4)

In these equations, � and u1 refer to the similarity variable and
freestream velocity, respectively. For the no-slip problem, the
boundary conditions aref0�0� � 0� f�0� andf0�1� � 1. The same
Blasius equation will be used for the slip-flow problem within the
embedded microchannels, except that the following slip condition is
used at the wall:

f0�0� � K1f
00�0� (5)

Using a standard Runge–Kutta procedure of numerical integration
[19], the wall shear stress can be determined after differentiating the
velocity profile as follows:
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�w � �
@u

@y

����
0

(6)

�w �
	1=2�1=2u3=21

x1=2
f00�0� (7)

which can be rearranged as follows:

�w
	u21

� f00�0���������
Rex
p (8)

The following analogous result is obtained for the Nusselt number:

Nux �
hx

k
(9)

Nux � Re1=2x � 
0�0� (10)

In the following sections, it will be determined whether the lower
wall friction due to slip-flow conditions within an embedded surface
microchannel is sufficiently offset by the added surface area of
friction. Surface-irreversibility and entropy-transition parameters
will be defined to characterize the net entropy production, including
both thermal and friction irreversibilities.

III. Entropy Production and the
Surface-Irreversibility Ratio

The total entropy production across a plate includes the
irreversibilities of heat transfer over a finite temperature difference
and fluid friction. For externalflow, the total entropy production over
a plate of length L and widthW is given by [11,19]

_S gen �
�
q00

T1

�
2
Z
W

0

Z
L

0

dx dy

h
� u1
T1

Z
W

0

Z
L

0

�w dx dy (11)

The previous correlations for convective heat transfer and wall shear
stress are substituted into this equation. Consider parallel
microchannels and define &� d=W and �� �Ws � 2d�=W. After
performing the integrations in Eq. (11) for interspersed parallel
sections of slip flow (within microchannels) and no slip (without
microchannels), it can be shown that

_Sgen
W
�
�
q02

kT2
1

�
	0:461K1:11

1 n�� 2:008�1� 2n&�
Re�1=2L

�
�
u21�

T1

���
2:78

4:185� 0:96K1:11
1

�
n�

� 0:664�1� 2n& � n��
�
Re�1=2L (12)

When performing the integration of entropy production over the
entire plate, the regions are subdivided into slip-flow regions (n
microchannels; integrated over 0 � y � Ws � 2d) and the
remaining no-slip regions (integrated over 0 � y � W � nWs). A
slip-flow region can be further subdivided into a parallel
microchannel section and a diverging section (integrated over
0 � y � �; see Fig. 1). Similarly, the no-slip region can be
subdivided into two distinct parts.When both parts are combined, the
subdivided regions entail a slip-flow integral (n microchannels
integrated over 0 � y � Ws � 2d), no-slip integral (integrated over
0 � y � W � nWs), plus an integral involving slip minus no-slip
integrands (2n section integrated over 0 � y � �). For linearly
diverging microchannels, the result becomes

Tw

q
Tu

d

Wns Ws

y

x
W

L

u T∞∞∞∞

L

diverging microchannels

slip-flow region no-slip region

a)

θ1

θ2

slip-flow
region

no-slip
region

x

L

δ = Lcotθ2

δ(x) = xcotθ1

h(y) = ytanθ1

y

no-slip
region

no-slip
regions

b)

Fig. 1 Embedded microchannels: a) side view and b) top view; �1 is the base angle and �2 is the exit angle.
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_Sgen
W
�
�
q02

kT2
1

��
�0:461K1:11

1 n�� 2:008�1� 2n&��Re�1=2L

� 0:921

ReW
nK1:11

1

�
cot 
2 �

2

5
cot5=2
2tan

3=2
1

�
Re1=2L

�

�
�
u21�

T1

���
5:56

4:185� 0:96K1:11
1

� 1:328

�
n

ReW

�
�
cot 
2 �

2

3
cot3=2
2tan

1=2
1

��
Re3=2L

�
�
u21�

T1

��
2:78n�

4:185� 0:96K1:11
1

� 0:664�1� 2n& � n��
�
Re1=2L

(13)

The second and third terms on the right side contain trigonometric
factors and they are subtracted for the case of converging
microchannels (see Fig. 1).

After the entropy production is computed, a surface-irreversibility
ratio � is defined as the ratio of entropy production for slip-flow
(subscript s) to no-slip (subscript ns) conditions; that is,

��
_Sgen;s
_Sgen;ns

(14)

It is desirable to generate a microprofiled surface that exhibits a
surface-irreversibility ratio of less than unity.Otherwise, no benefit is
realized when the entropy produced from slip-flow conditions (with
additional surface area) exceeds the entropy production under
regular no-slip conditions. The embedded surfacemicrochannels add
to a higher surface area, and so this additional resulting friction must
be offset by drag reduction of local slip-flow conditions within the
microchannels to achieve the smallest-possible surface-irrever-
sibility ratios.

Using the previous result for entropy production over the plate
with embedded diverging microchannels, the surface-irreversibility
ratio becomes

�� �0:461K
1:11
1 n�� 2:008�1� 2n&��q02=�k�u21T1� � �2:78n�=�4:185� 0:96K1:11

1 � � 0:664�1� 2n& � n���ReL
�1� 2n&��2:008q02=�k�u21T1� � 0:664ReL�

� 0:921nK1:11
1 �cot 
2 � 0:4cot5=2
2tan

3=2
1�ReLq02=�k�u21T1�
ReW�1� 2n&��2:008q02=�k�u21T1� � 0:664ReL�

� 2�2:78=�4:185� 0:96K1:11
1 � � 0:664�n�cot 
2 � 0:667cot3=2
2tan

1=2
1�Re2L
ReW�1� 2n&��2:008q02=�k�u21T1� � 0:664ReL�

(15)

The first term on the right side arises from the parallel section of embedded microchannels, and the latter two terms arise from the regions
diverging outward from the parallel section (thereby exhibiting an angular dependence).

Minimizing the surface-irreversibility ratio leads to a surface micropattern that yields the lowest entropy production, relative to entropy
produced under no-slip conditions. From Eq. (1), the slip coefficient depends on the momentum accommodation coefficient, Knudsen number,
and Reynolds number. Minimizing the surface-irreversibility ratio with respect to the slip coefficient,

K1;opt �
�
2:507

q0

�����������������������������������������������������������������������������������������������������������������������������������������������
k�u21T1 ReL

�
1� 2�cot 
2 � 0:667cot3=2
2tan

1=2
1�ReL=��ReW�
1� 1:997�cot 
2 � 0:4cot5=2
2tan

3=2
1�ReL=��ReW�

�s
� 4:359

�
0:901

(16)

The optimal slip coefficient K1 becomes zero under the following
condition:

ReL �
�a2 �

���������������������������
a22 � 4a1 � a3

p
2a1

(17)

where

a1 �
13:118

�ReW

�
u21�

T1

��
cot 
2 �

2

3
cot3=2
2tan

1=2
1

�
(18)

a2 � 6:559

�
u21�

T1

�

� 0:922

�ReW

�
q02

kT12

��
cot 
2 �

2

5
cot5=2
2tan

3=2
1

�
(19)

a3 ��0:461
�
q02

kT12

�
(20)

Both slip-flow and no-slip conditions yield the same entropy
production rate in this case. Alternatively, in terms of the applied
surface heat flux,

q0 � 3:772ReLu
2
1�kT1

�
�
1� 2�cot
2 � 0:667cot3=2
2tan

1=2
1�ReL=��ReW�
1� 2�cot
2 � 0:4cot5=2
2tan

3=2
1�ReL=��ReW�

�
(21)

At this particular heat flux, the reduced entropy production of slip-
flow conditions is offset by added thermal irreversibility over a larger
surface area with embedded microchannels.

Under certain flow conditions and geometrical parameters, it will
be shown that the surface-irreversibility ratio decreases monotoni-
cally. This declining trend provides a useful sensitivitymechanism to
determine how each parameter contributes to the desirable objective
of minimizing the surface-irreversibility ratio. By differentiating the
surface-irreversibility ratio with respect to a particular problem
parameter, its sensitivity to changes of that parameter can be
examined through magnitudes of the resulting slope of the
differentiated variable. For instance, a large negative slope of the
differentiated surface-irreversibility ratio with respect to the
microchannel aspect ratio suggests an effective mechanism to
reduce the entropy production by changing the aspect ratio. In the

following section, the sensitivity coefficient will be called the
entropy-transition number B (with a subscript to denote the
sensitivity parameter). It will be determined based on a critical
condition with a zero slope, which effectively separates the regions
of increasing (undesirable) and decreasing (desirable) irreversibility
ratios.
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IV. Transition Criteria for Entropy Reduction

The entropy-transition number B represents a sensitivity of the
surface-irreversibility ratio with respect to a particular problem
parameter. For example, the entropy-transition number Bn is
obtained by differentiating � with respect to n and reorganizing the
parameters to yield a zero derivative. From results in the previous
section for parallel microchannels, the entropy-transition number
with respect to the number of microchannels becomes

Bn �
2&�2:008q02=�k�u21T1� � 0:664ReL�

�0:461K1:11
1 n�� 4:016&�q02=�k�u21T1� � �2:78�=�4:185� 0:96K1:11

1 � � 0:664�2& � ���ReL
(22)

In terms of its sensitivity to the microchannel aspect ratio, the sensitivity coefficient is

B& �
�0:461K1:11

1 n�� 2:008�q02=�k�u21T1� � �2:78n�=�4:185� 0:96K1:11
1 � � 0:664�1 � n���ReL

�2:008q02=�k�u21T1� � 0:664ReL�
(23)

Values of unity signify a zero slope of the surface-irreversibility ratio. Values below unity yield a monotonically decreasing irreversibility ratio,
which is desirable because it implies better effectiveness of the embedded surface microchannels in reducing entropy production over the plate.
Values above unity give a monotonically increasing irreversibility ratio (undesirable).

For diverging microchannels, the entropy-transition number can be expressed as

Bn �
2&


n;p � 
n;dh � 
n;df
(24)

where contributions from the parallel section of microchannels 
n;p, diverging section–thermal irreversibilities 
n;dh, and diverging section–
friction irreversibilities 
n;df are given by


n;p �
�0:461K1:11

1 n�� 4:016&�q02=�k�u21T1� � �2:78�=�4:185� 0:96K1:11
1 � � 0:664�2& � ���ReL

2:008q02=�k�u21T1� � 0:664ReL
(25)


n;dh �
0:921K1:11

1 �cot 
2 � 0:4cot5=2
2tan
3=2
1�ReLq02=�k�u21T1�

ReW�2:008q02=�k�u21T1� � 0:664ReL�
(26)


n;df �
2�2:78=�4:185� 0:96K1:11

1 � � 0:664��cot 
2 � 0:667cot3=2
2tan
1=2
1�Re2L

ReW�2:008q02=�k�u21T1� � 0:664ReL�
(27)

In terms of the sensitivity to the microchannel aspect ratio,

B& �
�0:461K1:11

1 n�� 2:008�q02=�k�u21T1� � �2:78n�=�4:185� 0:96K1:11
1 � � 0:664�1 � n���ReL

�2:008q02=�k�u21T1� � 0:664ReL�

� 0:921nK1:11
1 �cot 
2 � 0:4cot5=2
2tan

3=2
1�ReLq02=�k�u21T1�
ReW�2:008q02=�k�u21T1� � 0:664ReL�

� 2�2:78=�4:185� 0:96K1:11
1 � � 0:664�n�cot 
2 � 0:667cot3=2
2tan

1=2
1�Re2L
ReW�2:008q02=�k�u21T1� � 0:664ReL�

(28)

Values of B� above one give an increasing irreversibility ratio (undesirable) and values below one lead to a monotonically decreasing
irreversibility ratio (desirable).

For the case of embedded converging microchannels (see Fig. 1), it can be shown that the following similar result is obtained for the entropy-
transition number Bn:

Bn �
2&


n;p � 
n;ch � 
n;cf
(29)

In this case, contributions from the parallel section 
n;p, converging section–thermal irreversibilities 
n;ch, and converging section–friction
irreversibilities bn;cf are given by the following expressions:


n;p �
�0:461K1:11

1 n�� 4:016&�q02=�k�u21T1� � �2:78�=�4:185� 0:96K1:11
1 � � 0:664�2& � ���ReL

2:008q02=�k�u21T1� � 0:664ReL
(30)


n;ch �
0:921K1:11

1 �cot 
2 � 0:4cot5=2
2tan
3=2
1�ReLq02=�k�u21T1�

ReW�2:008q02=�k�u21T1� � 0:664ReL�
(31)


n;cf �
2�2:78=�4:185� 0:96K1:11

1 � � 0:664��cot 
2 � 0:667cot3=2
2tan
1=2
1�Re2L

ReW�2:008q02=�k�u21T1� � 0:664ReL�
(32)

It can be verified that the proper limiting cases of no-slip conditions are obtained when the slip coefficient approaches zero.

Finally, the entropy-transition number with respect to the
microchannel depth parameter B� is obtained by differentiating the
irreversibility ratio with respect to � and reorganizing the parameters
to yield a zero derivative. For linearly converging embedded
microchannels,
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B& �
�0:461K1:11

1 n�� 2:008�q02=�k�u21T1� � �2:78n�=�4:185� 0:96K1:11
1 � � 0:664�1 � n���ReL

�2:008q02=�k�u21T1� � 0:664ReL�

� 0:921nK1:11
1 �cot 
2 � 0:4cot5=2
2tan

3=2
1�ReLq02=�k�u21T1�
ReW�2:008q02=�k�u21T1� � 0:664ReL�

� 2�2:78=�4:185� 0:96K1:11
1 � � 0:664�n�cot 
2 � 0:667cot3=2
2tan

1=2
1�Re2L
ReW�2:008q02=�k�u21T1� � 0:664ReL�

(33)

In addition to declining values of B�, it is desired that the
irreversibility ratio should fall below 1. Then the entropy production
of the slip-flow surface will fall below the no-slip case. In the next
section, sample numerical results will be presented for the entropy
production, surface-irreversibility ratio, and entropy-transition
number of various micropatterned surfaces.

V. Results and Discussion

In this section, numerical results will be presented for gas flows
across various microprofiled surfaces (see the problem parameters in
Table 1). In Fig. 2a, entropy production of airflow at 300 K past a
micropatterned surface with 3300 parallel microchannels (90–deg
expansion angles) is shown over a range of Reynolds numbers. The
current numerical slip-flow formulation approaches the benchmark
solution properly in the no-slip limit (when the slip coefficient
becomes K1 � 0), thereby providing useful validation of the
numerical model. Also, close agreement is achieved between
predicted results in the no-slip limit and experimental data (Czarske
et al. [22]) with the measured wall shear stresses in the friction
irreversibility portion of the total entropy production. The measured
data represent changes of skin friction coefficients at varying
Reynolds numbers in the no-slip-limit case. The results show that the
entropy production at higher slip coefficients falls below the
benchmark no-slip limit, thereby confirming the valuable utility of
the drag reduction of embedded surface microchannels.

In Fig. 2b, entropy productionwith externalflowof steam at 700K
and a wall heat flux of 100 W=m is presented. Again, the predicted
entropy production in the no-slip limit (setting K1 � 0 and n� 0 in
the slip-flow formulation) correctly approaches the expected
benchmark solution of a no-slip boundary layer without
microchannels (documented in [11,19]). It can be observed that
2800 or 3000 embedded parallel microchannels lead to less entropy
production than the minimum entropy production for the no-slip
case. Thus, slip-flow conditions within embedded surface micro-
channels can successfully overcome the friction irreversibility of
added surface area, thereby reducing the total entropy production
below the classical external flow without microchannels. Figure 2b
indicates that the entropy generation decreases with fewer embedded
microchannels and shallower microchannel depths. In Figs. 2a and
2b, the cases with microchannels have a larger entropy production
than no-slip-channel flow at lower Reynolds numbers (below 1000).
The additional surface area of embedded microchannels leads to
higher friction and entropy production at lowReynolds numbers, but
slip-flow drag reduction within microchannels compensates and

exceeds this effect of additional area when the Reynolds number
becomes higher.

The predicted ratio of actual entropy production to the minimum
entropy production (denoted by the entropy-generation number Ns)
is shown in Fig. 3. Airflow at 300 K with base and exit expansion
angles of 0.1 and 0.9 rad, respectively, are shown for diverging
surface microchannels. Close agreement is achieved between the
benchmark results of no-slip-plate flow without microchannels and
predicted results from the slip-flowmodel in the no-slip limiting case
(K1 � 0).Moving leftward in Fig. 3 from the optimal ratio ofL=Lopt,
the thermal irreversibility increases (when a smaller surface area
leads to a higher temperature difference between the wall and
surrounding fluid) to transfer the fixed rate of heat flow q0. On the
other hand, the friction irreversibility increases with a larger area of
surface friction (when moving rightward from the optimal length
ratio). Similar growth rates of each irreversibility are predicted for the
range of heatfluxes and slip coefficients in Fig. 3. Smaller slopes near
L=Lopt > 1 are observed for the cases with microchannels, because
the slip-flow conditions reduce the growth rate of the rising friction
irreversibility. At high ratios of L=Lopt, a lower entropy-generation
number is predicted at q0 � 200 W=m, because the thermal
irreversibility decreases for lower wall heat fluxes. At small values of
L=Lopt in Fig. 3, a larger value of the entropy-generation number is
observed for cases with microchannels. This trend occurs because
microchannels increase the surface area and friction, thereby leading
to a larger entropy production at short plate lengths, unlike longer
plate lengths (or higher Reynolds numbers for the same plate length)
that allow slip-flow drag reduction to eventually offset the effects of
higher friction from the additional area.

In Fig. 4, the optimal Reynolds number increases at higher values
of the microchannel aspect ratio and slip coefficients. Airflow at
280 K is examined with a surface heat transfer rate of 5 W=m and
parallel microchannels. Because the freestream velocity is specified
(16 m=s), the different Reynolds numbers represent a varying plate
length L. At higher aspect ratios, the microchannel depth and slip-
flow area increases, and so the rising friction irreversibility at higher
Reynolds numbers offsets the falling thermal irreversibility at longer
plate lengths (due to the added slip-flow area). Also, drag reduction
of higher slip coefficients leads to a larger optimal Reynolds number
with a longer plate length.

The optimal plate length minimizes the exergy destruction of
friction and thermal irreversibilities, thereby minimizing the net
power required to deliver certain rates of heat exchange and mass
flow across the surface. For Reynolds numbers below ReL;opt, the
friction irreversibility is reduced with a smaller surface area and net

Table 1 Summary of problem parameters for numerical studies

Figure Parameters

2a Air: q0 � 40 W=m, n� 3400, d=W � 0:00001, T � 300 K, U� 120 m=s, andWs � 4 �m
2b Steam: q0 � 100 W=m, K1� 2, �Ws � 2d�=W � 0:001, T � 700 K, U� 120 m=s, andWs � 1 �m
3 Air: n� 10, d=W � 0:000001, 
1 � 0:1 rad (5.7�), 
2 � 0:9 rad (51.6�), T � 300 K, and U� 10 m=s
4 Air: q0 � 5 W=m, �Ws � 2d�=W � 0:00006, T � 280 K, k� 0:025 W=mK, and U� 16 m=s
5 Air: q0 � 200 W=m, K1 � 0:1, 
1 � 0:4 rad (22.8�), 
2 � 0:5 rad (28.5�), T � 300 K, and U� 60 m=s
6a Helium: n� 1000, �Ws � 2d�=W � 0:00002, d=W � 0:000002, T � 600 K, and U� 20 m=s
6b Helium: n� 2200, 
1 � 0:2 rad (11.4 deg), 
2 � 0:7 rad (39.9 deg), T � 600 K, and U� 30 m=s
7 Helium: n� 1200, �Ws � 2d�=W � 0:00002, d=W � 0:000002, T � 600 K, and U� 20 m=s
8a Helium: q0 � 150 W=m, �Ws � 2d�=W � 0:00002, d=W � 0:000002, T � 600 K, and U� 30 m=s
8b Helium: q0 � 200 W=m, n� 3000, d=W � 0:0000001, T � 600 K, and U� 40 m=s
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friction, but higher thermal irreversibilities arise due to a higher
surface temperature and input power needed to transfer q0 over a
smaller area. On the other hand (values above ReL;opt), the thermal
irreversibility decreases with a larger surface area available to
transfer the fixed heat flow. But this reduction comes at the expense
of higher friction irreversibility (when the larger surface area leads to
added surface friction). Thus, the thermal irreversibility increases
and the friction irreversibility diminishes when the surface length
becomes larger, thereby yielding a crossover point atReL;opt at which
entropy production is minimized. The thermal irreversibility is
proportional to�T (temperature difference between the fluid and the
wall) and q0 (fixed), while being inversely proportional to T2

(freestream temperature). The crossover point at the intersection of

each irreversibility curve occurs atReL;opt, which decreases when the
freestream temperature rises.

In Fig. 5, diverging surface microchannels with base and exit
expansion angles of 0.2 and 0.6 rad, respectively, are examined. The
surface-irreversibility ratio decreases at higher microchannel aspect
ratios, because more slip-flow area for deeper microchannels leads to
lower entropy production, relative to the entropy production over the
same surface area with no-slip friction. Also, Fig. 5 shows that the
irreversibility ratio decreases with fewer microchannels and a lower
Reynolds number at a specified microchannel depth. The thermal
component of entropy production decreases at higher Reynolds
numbers, because a lower temperature difference between the wall
and fluid is needed to transfer a specified heat flow for larger plate
areas. However, the friction irreversibility increases from added area
and surface friction, and so the trends of the surface-irreversibility
ratio depend on these combined factors.

As discussed earlier, it is desirable to establish the range of
conditions yielding a decreasing rate of entropy production relative
to the entropy producedwithoutmicrochannels in no-slip conditions.
This range depends on the geometrical configuration and flow
parameters. A critical transition point occurs when the rate of change
becomes zero, which is characterized by the sensitivity coefficient
(called the entropy-transition number B). This critical condition will
be illustrated as “monotonicity crossover” in the upcoming figures.
Values below the monotonicity crossover give an decreasing rate of
entropy production (desirable), and values above this crossover give
a monotonically increasing rate (not desirable).

Figure 6 illustrates the change ofBn with varying slip coefficients,
Reynolds numbers, and wall heat fluxes. The ratio of the parallel

Fig. 4 Optimal Reynolds numbers at varying aspect ratios.

Fig. 2 Entropy generation at varying a) slip coefficients and b) aspect

ratios.

Fig. 3 Entropy-generation number for airflow at 300 K (diverging

microchannels).

Fig. 5 Surface-irreversibility ratio � for airflow at 300 K (diverging

microchannels).
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microchannel depth to plate width is 2:0 � 10�6. Helium flow at
600 K is considered. In Fig. 6a, it can be observed that the entropy-
transition number increases at low slip coefficients for the case of
Re� 2000. The friction irreversibility increases with added surface
area at higher Reynolds numbers, and the slip coefficient is too small
for appreciable slip-flow effects of drag reduction. But Bn becomes
negative at higher slip coefficients (when the slip-flow conditions
have significant impact on reducing the friction irreversibilities). At
the lower Reynolds number (Re� 1000), the smaller surface area
leads to lower friction irreversibilities. As a result, the entropy-
transition number is lower and it decreases at larger slip coefficients,
due to the reduced drag of the higher slip at the wall. In Fig. 6b, the
change of entropy-transition number is shown for cases ofq0 � 5 and
10 W=m. The entropy production increases up to about K1 � 0:6 at
the higher Reynolds number. The friction irreversibility increases for
the larger surface area. Also, the thermal irreversibility increases in

the case of the higher wall heat flux. But the higher irreversibility is
offset by slip-flow conditions and drag reduction at higher slip
coefficients (when the entropy-transition number becomes negative).
For the case of q0 � 5 W=m, the entropy production of embedded
microchannels decreases faster, due to the lower thermal
irreversibilities at the lower wall heat flux.

In Fig. 7, the set of curves corresponding toK1 � 0:2 intersects the
higher slip coefficient curves near the point of monotonicity
crossover. For example, in Fig. 7, at q0 � 100 W=m, the K1 � 0:2
curve intersects the K1 � 0:4 curve at the monotonicity crossover.
The thermal irreversibility decreases faster than the rising friction
irreversibility at lower slip coefficients. Also, the entropy-transition
number remains negative over a larger range of Reynolds numbers at
higher heat fluxes. A higher magnitude of thermal irreversibility
implies that its decreasing rate of change exceeds the rising rate of
friction irreversibility at higher Reynolds numbers. The entropy
production rises faster at higher slip coefficients, due to the lower
friction irreversibility under slip-flow conditions. Also, it rises faster
at higher wall heat fluxes, due to lower thermal irreversibilities. The
thermal irreversibility is proportional to the wall heat flux and
temperature difference (between the wall and surrounding fluid),
while being inversely proportional to the freestream temperature.
When the entropy-transition number remains below one, the
beneficial effects of reduced entropy production can be realized. The
ideal range of operating conditions should encompass both entropy-
transition numbers and surface-irreversibility ratios below unity. The
entropy produced along the embedded microchannel surface is then
lower than the classical no-slip boundary-layer flow. Also, because
the surface is exposed to a varying range of operating conditions, an
entropy-transition number below unity is better suited to preserve the
lower slip-flow entropy production, subject to the variability of flow
conditions.

Fig. 6 Entropy-transition number: a) parallel and b) diverging

microchannels; �1 � 0:2 rad.

Fig. 7 Entropy-transition number at varying Reynolds numbers.

Fig. 8 Sensitivity to a) number of microchannels and b) aspect ratio.
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In Fig. 8a, the set of curves with Re� 20; 000 occurs below the
monotonicity crossover, due to the decreasing thermal irreversibility
at higher Reynolds numbers. Above B� � 1, the entropy production
rises slower at the lower slip coefficient, due to less drag reduction.
Also, it can be observed that some cases between both Reynolds
numbers and slip coefficients would lead to B� � 1, where the
surface irreversibility remains constant at different surface
parameters and numbers of embedded microchannels. The change
of entropy production without microchannels matches the change
withmicrochannels, and so the additional cost ofmanufacturing such
surface microchannels could not be economically justified under
those conditions.

In Fig. 8b, the change of entropy-transition number with varying
surface parameters and Reynolds numbers is illustrated. The surface
heat transfer rate is 200 W=m. In this case, B� increases faster at
lower Reynolds numbers, due to higher thermal irreversibility.When
the surface area decreases, the temperature difference (between the
wall and surrounding fluid) increases to transfer a fixed heat flow q0.
Also, B� increases at higher values of �, because the added surface
area contributes to higher friction irreversibility. These results
indicate that the new parameters of surface-irreversibility ratio and
entropy-transition number provide useful insight into the drag
reduction and heat transfer enhancement for micropatterned
surfaces.

Some practical criteria or guidelines for reducing entropy
production with micropatterned surfaces would be shallow
embedded microchannels with a small enough depth to yield local
Knudsen numbers above 0.01 and slip coefficients above 1. Current
results have generally shown entropy reduction under these
conditions, although further studies are needed to extend the trends
over a wider range of operating and flow conditions, including
turbulence. The results have useful implications in various practical
applications such as heat exchangers, cooling of microelectronic
assemblies, and external flow configurations such as aerodynamic
surfaces and heated airfoils on wind turbines and aircraft. An
aerospace application was presented previously by Naterer et al.
[16]. Controlled surface roughness with embedded microchannels
can affect local flow separation from an aircraft surface, thereby
allowing the local airstream to eject water from the surface before it
refreezes downstream. Past studies have shown that surface
microprofiling can be used for passive flow control involving the
1) position of flow detachment from the surface, 2) angle of flow
detachment, and 3) frequency and magnitude of vortices shed from
the detachment point and thereafter. Further extensions of the
method to microactuated membranes within microchannels could be
used to alter fine-scale structures within a boundary-layer flow. For
example, actuated pulses within the microchannels could generate
vortices that reduce or eliminate certain targeted flow structures. The
embeddedmicrochannels can be used like textured surfaces or riblets
to reduce drag forces.

VI. Conclusions

In this paper, a newly defined parameter (called the entropy-
transition number B) characterizes the sensitivity of a surface-
irreversibility ratio to various parameters in convective heat transfer
from micropatterned surfaces. Surface microprofiling reduces the
total entropy production over the surface, due to drag reduction of
slip-flow conditions within the microchannels. It is shown that slip-
flow conditions within the embedded surface microchannels can
overcome the additional friction irreversibility of more surface area,
reducing the total entropy production up to 20%below the boundary-
layer flow without microchannels. A higher surface-irreversibility
ratio was found at larger values of �Ws � 2d�=W (for example, up to
1.13 at a slip coefficient of K1 � 20). The desirable range of
operating conditions entails a decreasing rate of entropy production
(when the entropy-transition number falls below unity). It is shown
that B decreases at lower Reynolds numbers and higher slip
coefficients. The entropy production decreases at lower Reynolds
numbers for 1200 parallel microchannels, due to lower friction
irreversibility over a smaller surface area. For a wall heat flux of

200 W=m, the surface-irreversibility ratio increases at higher values
of the surface parameter �. A critical range of wall heat fluxes and
Reynolds numbers leads to an equivalent entropy production for both
no-slip and slip-flow conditions. For both diverging and converging
microchannels, the entropy-transition number decreases faster at
lower wall heat fluxes. The entropy-transition number provides a
useful new parameter to reduce entropy production of external flow
past micropatterned surfaces.
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